
Analytical Mechanics

Exercises 1.25-1.30

(Exercise descriptions [with possible slight modi�cations] from Analytical
Mechanics by Fowles and Cassiday, 7th International Student Edition.
Solutions by: Waves and Tensors)
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Exercise 1.25: Show that the tangential component of the acceleration of
a moving particle is given by the expression
aτ = v·a

v
,

and the normal component is therefore

an = (a2 − a2τ )
1
2 = [a2 − (v·a)2

v2
]
1
2 .

Solution:

The acceleration a = an + aτ and according to the book (page 32),
v · an = 0 and v · aτ = vaτ cos 0

◦ = vaτ . Thus:

v · a = v · an + v · aτ = 0 + vaτ ⇒ aτ = v·a
v
.

Because an ⊥ aτ we get:

a2 = a · a = (an + aτ ) · (an + aτ ) = a2n + 2an · aτ + a2τ = a2n + a2τ
⇒ an = ±(a2 − a2τ )

1
2 = [a2 − (v·a)2

v2
]
1
2 .
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Exercise 1.26: Use the above result to �nd the tangential and normal
components of the acceleration as functions of time in Exercises 1.18 and
1.19.

Solution:

For Exercise 1.18:

r(t) = ib sinωt+ jb cosωt+ kct2,
v(t) = iωb cosωt− jωb sinωt+ k2ct,
a(t) = −iω2b sinωt− jω2b cosωt+ k2c.

aτ =
v · a
v

=
−b2ω3 cosωt sinωt+ b2ω3 cosωt sinωt+ 4c2t

(b2ω2 cos2 ωt+ b2ω2 sin2 ωt+ 4c2t2)
1
2

=
4c2t

[b2ω2 + 4c2t2]
1
2

,

an = (a2 − a2τ )
1
2 = [b2ω4 sin2 ωt+ b2ω4 cos2 ωt+ 4c2 − 16c4t2

b2ω2 + 4c2t2
]
1
2

= [
(b2ω4 + 4c2)(b2ω2 + 4c2t2)− 16c4t2

b2ω2 + 4c2t2
]
1
2

= [
b4ω6 + 4c2b2ω4t2 + 4c2b2ω2 + 16c4t2 − 16c4t2

b2ω2 + 4c2t2
]
1
2

= bω[
b2ω4 + 4c2ω2t2 + 4c2

b2ω2 + 4c2t2
]
1
2

= bω[ω2 +
4c2

b2ω2 + 4c2t2
]
1
2 .

For Exercise 1.19:

v(t) = bkekter + bcekteθ,
a(t) = (k2 − c2)bekter + 2bckekteθ.

aτ =
bkekt · (k2 − c2)bekt + 2b2c2ke2kt

(b2k2e2kt + b2c2e2kt)
1
2

=
b2(k2 − c2)ke2kt + 2b2c2ke2kt

(k2 + c2)
1
2 bekt

= bkekt · k
2 − c2 + 2c2

(k2 + c2)
1
2

= bkekt[k2 + c2]
1
2 ,
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an = [(k2 − c2)2b2e2kt + 4b2c2k2e2kt − b2k2e2kt(k2 + c2)]
1
2

= bekt[(k2 − c2)2 + 4c2k2 − (k2 + c2)k2]
1
2

= bekt[k4 − 2k2c2 + c4 + 4c2k2 − k4 − k2c2]
1
2

= bcekt[k2 + c2]
1
2 .
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Exercise 1.27: Prove that |v× a| = v3/ρ, where ρ is the radius of
curvature of the path of a moving particle.

Solution:

For the curve S we have r = ρ = constant ⇒ ṙ = r̈ = 0. From equations
(1.11.7) and (1.11.9) we have (positive z-axis out of paper towards the
viewer):
v = ṙer + rθ̇eθ
a = (r̈ − rθ̇2)er + (rθ̈ + 2ṙθ̇)eθ

Thus:

v× a = (rθ̇eθ × (−rθ̇2)er) + (rθ̇eθ × rθ̈eθ)

= r2θ̇3(er × eθ) + 0

= r2θ̇3ez

⇒ |v× a| = ρ2θ̇3 (∗)
Now we see that v = ρθ̇eθ ⇒ v = ρθ̇ ⇒ θ̇ = v

ρ
. Plugging into (*) we get

|v× a| = v3

ρ
.
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Exercise 1.28: A wheel of radius b rolls along the ground with constant
forward acceleration a0. Show that, at any given instant, the magnitude of
the acceleration of any point on the wheel is (a20 + v4/b2)

1
2 relative to the

center of the wheel and is also a0[2 + 2 cos θ + v4/a20b
2 − (2v2/a0b) sin θ]

1
2

relative to the ground. Here v is the instantaneous forward speed, and θ
de�nes the location of the point on the wheel, measured forward from the
highest point. Which point has the greatest acceleration relative to the
ground?

Solution:

r1 = (bθ, b)
r2 = (b sin θ, b cos θ)

With respect to point A, we calculate |r̈2|:
ṙ2 = (bθ̇ cos θ,−bθ̇ sin θ)
r̈2 = (bθ̈ cos θ − bθ̇2 sin θ,−bθ̈ sin θ − bθ̇2 cos θ)

We know that for θ = 0 we have v = ṙ2 = (bθ̇, 0) so v = bθ̇ and thus
a0 = v̇ = bθ̈. We get:

r̈2 = (a0 cos θ − v2

b
sin θ,−a0 sin θ − v2

b
cos θ)
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Finally:

|r̈2| = [(a0 cos θ −
v2

b
sin θ)2 + (−a0 sin θ −

v2

b
cos θ)2]

1
2

= [a20 cos
2 θ − 2v2a0

b
cos θ sin θ +

v4

b2
sin2 θ + a20 sin

2 θ +
2v2a0
b

cos θ sin θ +
v4

b2
cos2 θ]

1
2

= [a20 +
v4

b2
]
1
2 .

With respect to point B, we calculate:

r = r1 + r2 ⇒ r̈ = r̈1 + r̈2 = (bθ̈, 0) + r̈2 = (a0 + a0 cos θ −
v2

b
sin θ,−a0 sin θ −

v2

b
cos θ)

Thus we get the acceleration at point P relative to point B as:

|r̈| = [(a0 + a0 cos θ −
v2

b
sin θ)2 + (−a0 sin θ −

v2

b
cos θ)2]

1
2

= [a20(1 + cos θ)2 − 2v2a0
b

(1 + cos θ) sin θ +
v2

b
sin2 θ + a20 sin

2 θ +
2v2a0
b

cos θ sin θ

+
v2

b
cos2 θ]

1
2

= [a20 + 2a20 cos θ + a20 cos
2 θ +

v4

b2
− 2v2a0

b
sin θ + a20 sin

2 θ]
1
2

= a0[2 + 2 cos θ +
v4

a20b
2
− 2v2

a0b
sin θ]

1
2 .

To �nd the maximum of this last acceleration, we have to �nd the
maximum of function f(θ) = cos θ − v2

a0b
sin θ for 0 ≤ θ < ∞.

f ′(θ) = − sin θ − v2

a0b
cos θ

f ′′(θ) = − cos θ +
v2

a0b
sin θ = −f(θ)

The derivative is zero when:

f ′(θ) = 0 ⇒ sin θn = − v2

a0b
cos θn ⇒ θn = arctan (− v2

a0b
) + nπ, n ∈ N.

Arctan goes from −π
2
to π

2
. Thus −π

2
< θ0 < 0 ⇒ π

2
< θ1 < π. For θ1:

cos θ1 < 0 and sin θ1 > 0 and so f(θ1) < 0 and f ′′(θ1) > 0. Thus θ1 is a
minimum. Due to the periodicity (period is ≤ 2π) of f , acceleration reaches
a maximum when θ2n = arctan (− v2

a0b
) + 2nπ, n ∈ N \ {0}.
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Exercise 1.29: What is the value of x (∈ R) that makes of following
transformation R orthogonal?

R =

 x x 0
−x x 0
0 0 1


What transformation is represented by an orthogonal R?

Solution:

RR̃ =

 x x 0
−x x 0
0 0 1

x −x 0
x x 0
0 0 1

 =

2x2 0 0
0 2x2 0
0 0 1

 = R̃R

For R to be orthogonal, RR̃ = I = R̃R, so:2x2 0 0
0 2x2 0
0 0 1

 =

1 0 0
0 1 0
0 0 1

 ⇔ 2x2 = 1 ⇔ x = ± 1√
2
.

For x = 1√
2
:

R =

 1√
2

1√
2

0

− 1√
2

1√
2

0

0 0 1

 =

 cos 45◦ sin 45◦ 0
− sin 45◦ cos 45◦ 0

0 0 1

 ,

which is a 45◦ counter-clockwise rotation about the z-axis.

For x = − 1√
2
:

R =

− 1√
2

− 1√
2

0
1√
2

− 1√
2

0

0 0 1

 =

 cos (−135◦) sin (−135◦) 0
− sin (−135◦) cos (−135◦) 0

0 0 1

 ,

which is a 135◦ clockwise rotation about the z-axis.
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Exercise 1.30: Use vector algebra to derive the following trigonometric
identities
(a) cos (θ − ϕ) = cos θ cosϕ+ sin θ sinϕ,
(b) sin (θ − ϕ) = sin θ cosϕ− cos θ sinϕ.

Solution:

We know that a rotation with respect to z-axis counter-clockwise by an
angle θ−ϕ is given by the transformation matrix Rz(θ−ϕ) = Rz(θ)Rz(−ϕ): cos (θ − ϕ) sin (θ − ϕ) 0
− sin (θ − ϕ) cos (θ − ϕ) 0

0 0 1

 =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

cosϕ − sinϕ 0
sinϕ cosϕ 0
0 0 1


=

 cos θ cosϕ+ sin θ sinϕ sin θ cosϕ− cos θ sinϕ 0
− sin θ cosϕ+ cos θ sinϕ cos θ cosϕ+ sin θ sinϕ 0

0 0 1

 (∗)

(a) (*) ⇒ cos (θ − ϕ) = cos θ cosϕ+ sin θ sinϕ.

(b) (*) ⇒ sin (θ − ϕ) = sin θ cosϕ− cos θ sinϕ.
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