Analytical Mechanics

Exercises 2.1-2.7

(Exercise descriptions [with possible slight modifications| from Analytical
Mechanics by Fowles and Cassiday, 7th International Student Edition.
Solutions by: Waves and Tensors)



Exercise 2.1: Find the velocity & and the position = as functions of the
time ¢ for a particle of mass m, which starts from rest at = 0 and t = 0,
subject to the following force functions:

(a) Fx = F() + Ct,

(b) F, = Fysinet,

(c) F, = Fye®,

where Fj and c are positive constants.

Solution:

We have o = 0,ty = 0 and vy = 0. We use formula (2.2.1) and integrate.

(a)

dz v
=F,=F t = ——F t =
ma otc mdt otc dt

= /dv —/Fo-i-Ct

1 1
= v-— Fyt t2 — Fytg — —ct?
UV — vy = m(0+20 oto 20)

1 1
= @(t) = E(Fot + icﬁ), for t > 0.

We integrate again to get the position:
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xo
1 1 1 1 1
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= z(t) = 5
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F
= i(t) = m—ocu — cos (ct)), for t > 0.
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We integrate again to get the position:

F F 1 1
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Eoy 1 .
t) = —(t— - t)), for t > 0.
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. FO t
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x(t) mc(e ), fort >

We integrate again to get the position:

dx FO + FO 1 t t
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FO ct
= x(t):@(e —].—Ct), fOI'tZO



Exercise 2.2: Find the velocity & as a function of the displacement x for a
particle of mass m, which starts from rest at x = 0, subject to the following
force functions:

(a) F, = Fy + cx,

(b) F, = Fye™ ",

(¢c) F, = Fycoscx,

where Fj and c are positive constants.

Solution:

We have zp = 0 and vy = 0. We use formulas (2.3.1) and (2.3.2) and
integrate. For each case we also have to find out when the solution is valid.

FQE:F(x):mi:m‘fl—f:m‘fl—f%:mv%.
(a)

d
F,=Fy+cx = mv—U:F0+cx

dz
v 1 X
= /v’dv’ = —/(FO + cx')dx'
m
(%) T
1 1 1 1 1
= 5?}2 - 51}8 = E(FOI -+ 50]72 — F(){E() - 5037(2))
1
= () = £(—)2 (2Fw + c2?)?
m

The solution is valid when f(z) = cz? + 2Fyz > 0. f(z) is an upwards
opening parabola, which has zero points at z = 0 and x = —%. Thus the
solution is valid when z < —% or x > 0.

(b)

1 F F
F,=Fe * = —m?= _ZO0pmer 4 0w
2 c c
2F . 1 1
= % = :l': 2 ]_ — e 5.
Hr) = (= )h(1— e )

The solution is valid when f(z) =1 —e “ > 0. Since the natural logarithm
In x is an increasing function, this implies that
l—e>0=e“<1=In(e“)<0= —cx <0= 2 >0. Thus the
solution is valid when x > 0.



T

1
F, = Fycos(cx) = §m712 = /FO cos (cz')dx'
zo
1 1. 1.
= §mv2 = FO(E sin (cx) — ~sin (cxo))
2F
= #(x) = £(Z2)2(sin (cz))?.

mc

The solution is valid when f(z) = sin (cx) > 0. This implies that
0+2mn < cx <7+ 2mnforne{0,1,2,...}. Thus the solution is valid

When%Tngmg@andne{o,l,l...}.



Exercise 2.3: Find the potential energy function V(x) for each of the
forces in Exercise 2.2.

Solution:

We get the potential energy function V(z) from formula (2.3.5) by
indefinite integration.

(a)

d‘;—gf) = —F(z)=—(Fo+cx) = V(z) = — [(Fo+cx)de = —Fyx — 3cx* + C,
where C' is a constant.

(b) V(z) = — [ Foe *dx = £2e=* 4 C, where C'is a constant.

(¢) V(z) = — [ Fycos (cx)dz = —E2 sin (cz) + C, where C is a constant.



Exercise 2.4: A particle of mass m is constrained to lie along a
frictionless, horizontal plane subject to a force given by the expression
F(x) = —kz. It is projected from = = 0 to the right along the positive
direction with initial kinetic energy Ty = $kA?. k and A are positive
constants. Find (a) the potential energy function V(x) for this force; (b)
the kinetic energy, and (c) the total energy of the particle as a function of
its position. (d) Find the turning points of the motion. (e) Sketch the
potential, kinetic, and total energy functions. (Optional: Use Mathcad or
Mathematica to plot these functions. Set k and A equal to 1.)

Solution:

(a) We use formula (2.3.5) for the potential energy:

%ﬁf}) = —F(z) = kz = V(z) = [ kadr = ;ka? + C, where C is a constant.

(b) We use formula (2.3.3) for the kinetic energy:

dﬂgf) = F(z) = T(x) = —3ka® + C', where C” is a constant.

We know that T'(z = 0) = Ty = 3kA* = C" = kA% Thus:

T(z) = —3ka* 4+ kA%

(c) We get the total energy from formula (2.3.8):
E=E()=T(x)+V(z) = $k(A? = 2?) + Jka’ + C = E = LkA* + C,
where C'is a constant (same as for V(z)).

(d) For the turning points of motion we have E = V (x):

kA2 + C =3ka? + C = a? = A = o = £A.

(e) For the plots we have (plotted with online Mathematica):
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Here in the left picture the yellow curve is the potential energy V(x) and
the blue line is the total energy E. In the right picture the curve is the
kinetic energy T'(z).



Exercise 2.5: As in the exercise above, the particle is projected to the
right with initial kinetic energy Ty, but subject to a force

F(z) = —kz+ A2 , where k and A are positive constants. Find (a) the
potential energy function V' (z) for this force; (b) the kinetic energy, and (c)
the total energy of the particle as a function of its position. (d) Find the
turning points of the motion and the condition the total energy of the
particle must satisfy if its motion is to exhibit turning points. (e) Sketch
the potential, kinetic, and total energy functions. (Optional: Use Mathcad
or Mathematica to plot these functions. Set k and A equal to 1.)

Solution:
(a) We use formula (2.3.5) for the potential energy:

W@ — _P(r) = ke — 2 = V(e) = [(ke — ) de = Lka® — 225 4 O,
Where C =V(0) =V} is a constant.

(b) We use formula (2.3.3) for the kinetic energy:

dﬂf) =F(r)=T(z) = k’x -I— + C’, where C" is a constant.

If we have that T(x =0)=Tp = %kAQ, we get €' = 1kA?, which gives us:
T(z) = —ska* + 4A2 + 1k A2
(c) We get the total energy from formula (2.3.8):

E=E(x)=T(x)+V(z) = 3kA? + C = 1kA* + 1}, where C' = V; is a
constant (same as for V(z)).

(d) The turning points exist if £ < V(x). The inequality gives us:
E < ska? — % = 2t —2A%% + —4A:E <0.
When is the polynomial f(r) = a* — 2422 + 4 — (0?7 We can use the

quadratic formula to solve for x:

aj \/ 2@2)2 4-1- 4A2E A2 1 :l: \/T)

For x to be real, we have to have A% — % > 0= E < 1kA% Thus if

E = $kA? (assuming Vp = 0) as in part (c), the motion will go on
perpetually towards the right. But if £ = }lkAz, then we see that we have
turning points 2? = A? = x = +A.




(e) For the plots we have (plotted with online Mathematica):
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Here the blue curve is the potential energy function V' (z), the yellow curve
is the kinetic energy T'(z) and the green line is the total energy FE.



Exercise 2.6: A particle of mass m moves along a frictionless, horizontal
plane with a speed given by v(z) = 2, where z is its distance from the
origin and « is a positive constant. Find the force F'(x) to which the

particle is subject.

Solution:
We can use formulas (2.3.1) and (2.3.2):

. dv o o ma?
F(x):mx:mv%:m-;-(—P):—

x3
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Exercise 2.7: A block of mass M has a string of mass m attached to it. A
force F is applied to the string, and it pulls the block up a frictionless plane
that is inclined at an angle 6 to the horizontal. Find the force that the
string exerts on the block.

Solution:

This is not a true force diagram (because it contains 2 objects: the plane

and the block) of the block of a mass M, but it does show the forces acting
upon the block. G is gravity from the Earth, N is the normal force exerted
on the block by the plane, which cancels the component of the gravitational
force perpendicular to the plane and F is the force that we want to find.

From the "diagram", we see that |F| > Mgsin@ for the block to move
upwards along the plane. The force F is aligned parallel to the plane.
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